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Abstract. Banerjee and Majhi's recent work shows that black hole's emission spectrum could be fully re- 
produced in the tunneling picture, where, as an intriguing technique, the Kruskal extension was introduced 
to connect the left and right modes inside and outside the horizon. Some attempt, as an extension, was 
focused on producing the Hawking emission spectrum of the (charged) Reissner-Nordstrom black hole in 
the Banerjee-Majhi's treatment. Unfortunately, the Kruskal extension in their observation was so badly 
defined that the ingoing mode was classically forbidden traveling towards the center of black hole, but 



could quantum tunnel across the horizon with the probability F — e 



This tunneling picture is 



unphysical. With this point as a central motivation, in this paper we first introduce such a suitable Kruskal 
extension for the (charged) Reissner-Nordstrom black hole that a perfect tunneling picture can be provided 
during the charged particle's emission. Then, under the new Kruskal extension, we revisit the Hawking 
emission spectrum and entropy spectroscopy as tunneling from the charged black hole. The result shows 
that the tunneling method is so universally robust that the Hawking blackbody emission spectrum from a 
charged black hole can be well reproduced in the tunneling mechanism, and its induced entropy quantum 
is a much better approximation for the forthcoming quantum gravity theory. 



PACS. 04.70.Dy; 04.70.-s; 04.62. 



1 Introduction 

The study of black hole physics has been a long-standing 
and hot topic in theoretical physics since the birth of 
Einstein's theory of gravitation. In particular, exploring 
quantum properties (Hawking radiation, entropy quan- 
tum, etc) of black holes has important physical signif- 
icance, which may provide a window to find an effec- 
tive way to quantize gravitational field. However, a self- 
consistent theory of quantum gravitation was lacking so 
far. Hence, it may be an appropriate juncture to "take 
a step back" and re-enforce our understanding of these 
issues at a semiclassical level. 

With this in mind, a semiclassical treatment that im- 
plemented the Hawking radiation as a tunneling process 
was initiated by Kraus and Wilczek [2j and then developed 
by Parikh and Wilczek [3] (this framework shall be re- 
ferred to as the Kraus-Parikh-Wilczek's analysis for brief- 
ness, see also Ref. ^ for a different methodology that the 
tunneling picture has been applied.). Later, the tunneling 
mechanism as the most fashionable model to explore the 
quantum properties of black holes, has received so popu- 
lar attention that it can be applicable in the context of 
a variety of black holes [SJIHIIZ]; fermion emission [8,, as 
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well as the presence of the higher order quantum correc- 
tions while going beyond the semiclassical approximation 
[g etc. 

In these observations [g l [g l l l [5 1 |g l [7 1H [g] , the semiclassi- 
cal Hawking temperature can be easily obtained by ex- 
ploiting the form of the semiclassical tunneling rate, but 
there was a glaring omission since all of them failed to yield 
directly the blackbody spectrum. To rectify this short- 
comings, Banerjee and Majhi, with the aid of density ma- 
trix techniques, reformulated the tunneling mechanism to 
directly find the Hawking emission spectrum as tunnel- 
ing from the black hole horizon [TU]. Then, based on the 
modified version of the tunneling mechanism, the entropy 
spectroscopy from the black hole horizon was also de- 
scribed in the tunneling framework [ITj. Later, as an ex- 
tension, the Banerjee-Majhi's treatment was developed 
in [T^[T5] to the case of black hole in nontrivial grav- 
ity, then further improved by us to include the effect of 
back reaction (l4j and higher order corrections J,5 . Upon 
achieving great success along this line, however, it is not 
clear to explore the quantum properties (Hawking radi- 
ation, entropy quantum, etc) of a charged black hole in 
the Banerjee-Majhi's treatment. In the work yy, one at- 
tempt was focused on this issue. Unfortunately, their treat- 
ment violated the fundamental description of black hole 
physics since the Kruskal extension as an illuminating 
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technique in the Banerjee-Majhi's treatment was so badly 
defined in that the ingoing mode was classically forbid- 
den traveling towards the center of black hole, but could 
quantum tunnel across the horizon with the probability 
r = q-^'^o/k+^ Motivated by this fact, in this paper, we 
will revisit the Banerjee-Majhi's treatment in the context 
of the (charged) Reissner-Nordstrom black hole. In do- 
ing so, it is necessary to introduce such a suitable Kruskal 
extension for the charged black hole that a perfect tunnel- 
ing picture can be provided during the charged particle's 
emission. Then, under the new Kruskal extension, we will 
revisit the Hawking emission spectrum and entropy spec- 
troscopy as tunneling from the charged black hole. 

The organization of the paper goes as follows. In Sec. 
[21 we first review the errors of the Kruskal extension, in- 
troduced by Zhao etc., for the charged black hole, and 
analyze its induced unphysical phenomenon. Then, to de- 
velop the Banerjee-Majhi's treatment applicable for the 
charged black hole, we introduce such a suitable Kruskal 
extension that a perfect tunneling picture can be existed 
during charged particle's emission. Under the new Kruskal 
extension introduced by us. Sec. [3] and [Hare, respectively, 
devoted to revisit the Hawking emission spectrum and en- 
tropy spectroscopy as tunneling from the charged black 
hole. Sec. [S] ends up with conclusion and discussion. 



2 The Kruskal extension for the 
Reissner-Nordstrom black hole 

In the Banerjee-Majhi's treatment, the Kruskal extension 
as an intriguing technique was introduced to connect the 
left and right modes inside and outside the horizon. In 
[I], much effort was focus on developing the semiclassical 
treatment to the case of the (charged) Reissner-Nordstrom 
black hole. However, the Kruskal extension in their ob- 
servation was so badly defined for the charged black hole 
that the fundamental description of black hole physics was 
broken here. In this section, we aim to find a suitable 
Kruskal extension for the (charged) Reissner-Nordstrom 
black hole, under which a perfect tunneling phenomenon 
can be provided during the charged particle's emission. 
Before that. Let's first review the Kruskal extension, in- 
troduced by Zhao etc., for the charged black hole, and get 
at the root of errors. 



2.1 The Kruskal extension by Zhao etc. 

In Ref. PP, Zhao etc. tried to develop the Banerjee-Majhi's 
treatment to the case of the (charged) Reissner-Nordstrom 
black hole. To provide a perfect tunneling picture during 
the charged particle's emission, they introduced a Kruskal 
extension to eliminate the coordinate singularity at the 
horizon, which was given by 



Tin = e''+^''*W cosh(AC+tin); 



K+(r.) 



in sinh(K+i; 



(r < r+) 



out 



X, 



out 



out sinh(K+iout); 
e«+('^*)outcosh(K+Vt); (^>'+) (1) 



where k+ is the surface gravity of the Reissner-Nordstrom 
black hole, and is defined as = / Under the 
Kruskal extension as above, together with the mapping 
Tjj^ — > ^out ^^'^ -^in ^ "''^outi '-'^'^ metric is commonly 
valid just inside and outside the horizon. With this in 
mind, one have 



^in ~^ ^out 



*2^' ^ (^*)out + ^TT^- (2) 



2k^ 



From this mapping, one can connect the left and right 
modes defined inside and outside the horizon. In [T], the 
left and right modes inside and outside the horizon of the 
Reissner-Nordstrom black hole are defined by 



^m ^ 



^out 



"out: 



m- 



with the null coordinates 

u — t — f. 



^OUt ^ 



t + r, 



out . 



(3) 



(4) 



r*, and ujq = e-^ is. electrostatic potential 



where f = ^^^^^ 

on surface r_|_. Hence, following the definition 1^ and @ 
one obtain the relations connecting the null coordinates 
defined inside and outside the horizon. 



^in ^ ^in ''in ^ ''^*out * 



''m ^ ' m 



2UJ — UJQ TT 
UJ 

UJo TI" 



2k4 



"out 



oj 2kj 



(5) 



Now, it is easy to see that under the relations (O, the 
inside and outside modes are connected by 



-Tr(2Lj-LJn)/(2K+)(5_R 

^OUt ' 



^m ^ ^out- 



(6) 



This connection is crucial for the Banerjee-Majhi's treat- 
ment, by which the Hawking emission spectrum and en- 
tropy spectroscopy as tunneling from the horizon could be 
reproduced, as that in [10, 11 . In view of this fact, it is nec- 
essary to check whether this connection is self-consistent 
with the physical requirement. Next, we will review this 
issue. For the left moving mode, its tunneling behavior is 
towards the center of the black hole, so its probability to 
go inside is 



I ml 



-Trwo/(2K+)^L |2 

^outl 



-•ir(^o/K+ 



(7) 



where we have used the connection dH) to recast <pf" in 

^ * m 

terms of ^q^^ since measurements are done by an outside 
observer. On the other hand, since the right moving mode 
tunnels outwards the horizon, its tunneling rate is 

I inl I out I 

(8) 
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After analyzing the induced result ([7]) and ([SI) as a result 
of the Kruskal extension ([T]), one easily find the ingoing 
mode is classically forbidden traveling towards the center 
of black hole, but can quantum tunnel across the horizon 
with the probability F = e~^'^o/'^+. This realization obvi- 
ously violates the fact that the left moving (ingoing) mode 
is expected to trap inside the black hole, and its probabil- 
ity to go inside, as measured by an external observer, is to 
be unity. This tunneling picture is unphysical. Hence, in 
[1], the Kruskal extension introduced by Zhao etc. failed 
to develop the Banerjee-Majhi's treatment to the case of 
the (charged) Reissner-Nordstrom black hole black hole. 
In doing so, it is necessary to introduce a suitable Kruskal 
extension to present a perfect tunneling phenomenon dur- 
ing charged particle's emission. In the next subsection, a 
suitable Kruskal extension for the charged black hole will 
be introduced by us. 



2.2 The Kruskal extension by us 

In this subsection, we focus on the central motivation of 
this paper, aiming to find a suitable Kruskal extension for 
the (charged) Reissner-Nordstrom black hole to connect 
the left and right moving modes inside and outside the 
horizon. Before that, it is necessary to define the left and 
right moving modes. In the background of the Reissner- 
Nordstrom black hole, by solving the usual semiclassical 
Hamilton- Jacobi equation with the WKB ansatz, we have 



-iujt:Li{LO — LOo)r:^ 



(9) 



where the -l-(-) solutions denote the right(left) movers. For 
further discussions, it is convenient to introduce the sets of 
null tortoise coordinates. In [jQ, the null coordinates were 
given by (|H). Here, we redefine them as 



result of quantum vacuum fluctuation. According to this 
scenario, a pair of particles is spontaneously created just 
inside the horizon, the positive energy particle then tun- 
nels out to the infinity, and the negative energy "partner" 
remains behind and effectively lowers the mass of the black 
hole. This tunneling picture can be depicted in another 
manner, that is, a particle/antiparticle pair is created just 
outside the horizon, the negative energy particle tunnels 
into the horizon because the negative energy orbit exists 
only inside the horizon, the positive energy partner is left 
outside and emerges at infinity. In this paper, we adopt 
the first depiction without loss of universality. According 
to this scenario, particles must tunnel across the horizon, 
which yields the change of the coordinate nature. It is 
plausible to introduce the coordinates which are viable on 
both sides of the horizon. Fortunately, the Kruskal coor- 
dinates are capable of acting as this actor. Next, we aim 
to find this Kruskal extension for the Reissner-Nordstrom 
black hole, under which the coordinates are viable on both 
sides of the horizon. 

Case I: Under the null coordinates ([TOl) . the (r — t) 
sector of the Reissner-Nordstrom spacetime is transformed 



fir) 



4ZJ' 



[{l-LJ^){dv + du)'^ +4LJ^dvdu], (12) 



where uj = 



and /(r) ~ 1 



2M 



, ,. , ^ , T". First, we 

consider the line element which is viable outside the hori- 
zon. Outside the horizon (r > r^.), where the observer is 
present, introducing the Kruskal coordinates 



'^out = -e" 



"out 



and 



^out - 



out 



out 



^out - 



out 



U, 



out 



(13) 



(14) 



u = t — r.. 



(10) 



-t. Noted that both the null coordinates (U) 



where i — ■ 

UJ—UJo 

and (fTOl) are well defined for the Reissner-Nordstrom black 



hole. In pP, an undesired result comes from the incorrect 
choice of the Kruskal extension, rather than that of the 
null coordinates. Under the null coordinates ([TU)) . the left 
and right modes defined inside and outside the horizon 
can be rewritten as 



m ' out ' 

= e-^'^-'^'^in; , = e-^^^-^^^^out. (11) 



Here, the left and right moving modes are defined as: if the 
eigenvalue of the radial momentum operator p(r), while 
acting on the specific solution is positive, the mode is 
right moving. Similarly, the left moving mode corresponds 
to a negative eigenvalue. 

Next, we will introduce a suitable Kruskal extension for 
the charged black hole to connect the left and right mode 
inside and outside the horizon. In the tunneling picture, 
a pair of virtual particles is created near the horizon as a 



we find the metric (I12p in the Kruskal coordinates is rewrit- 
ten as 



ds^ = 



out 



fir) 

(^ouf^^out ~ ^oufc'^out)^ 



O'^K^ut-'^^out)]- (15) 

In our case, to connect the right and left moving modes 
inside and outside the horizon, it is enough to consider 
the behavior of the spacetime in a very narrow region just 
inside and outside the horizon. Thus, near the horizon, 
/(r) can be expanded as 



fir) = f'ir+){T-r+)+ 



f"ir+) 



{r-r+)^+Oir-r+)\ (16) 



Also, (?'*)out '^^u be integrated just outside the horizon 
to yield 



dr 



1 



■In 



(r - r+) 



out - , ^(^) ^,(^^) - L/'(r+) + (r - r+)/"(r+)/2 

(17) 
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Here, we neglect the contributions from the higher-order 
terms of 0{r — r+)^. So, just outside the horizon, the met- 
ric (jlSp in the Kruskal extension is given by 



same forms. This two sets of the Kruskal coordinates are 
connected with 



^in ~^ ^out * 



[f{r+) + {r- r+)/"(r+)/2]2 , ^ 



2k 4 



(r,)in (?'*)out +* 



2k I 



(25) 



[uj^ {dT^^^^ — dX^^^) under which, we have Tj 



Tout and X-^^ X, 



Obviously, the new metric in the Kruskal coordinate sys- 
tem has no any coordinate singularity at the horizon irre- 
spective of choosing any particular /(r). Also, according to 
Eas. dT^ and (fH]) . the Kruskal coordinates {Tq^^^Xq^^) 
which are valid outside the horizon, are given by 



out 



= e'=+('--)out 



sinh(K+iout), 



X. 



out 



-ir,) 



out cosh(K+£Qy^). 



(19) 



Case II: In a similar way, inside the horizon r < r.)-, 
we introduce the Kruskal coordinates as 



and 



^m ^ ' 



V — ^n 



(20) 



(21) 



2 ' 2 

Here, a relative sign difference appears between the func- 
tional choice of U-^y^ and Uq^^, which ensures that the 
inner portion of the extended spacetime metric remains 
timelike. If the definition of Ujj^ follows that of ?7out' ^ 
spacelike metric interval will be provided, which we want 
to avoid since there is no coordinate singularity at the hori- 
zon. Under the Kruskal coordinates (Tj^^, A^j^), the metric 
(fT2l) can then be rewritten as 



'{X^^dT-y^ - T^^dX^^) 



, 2 fv) r/l — 2\ -4K+(r,)- 

ds = -2^[{^-^ )e 1 



m' 



(22) 



On the other hand, just inside the horizon, integrating r, 
yields 



(^*)i 



1 



dr 



fir) rir+) 



■In 



(r+ - r) 



./'(r+)-(r+-r)/"(r+)/2. 

(23) 

Substituting (1^ into (f^ . we observe, just inside the 
horizon, the metric in the Kruskal coordinate system has 
the same form as ^TE\\ . only replacing the Kruskal co- 
ordinates outside the horizon (Touti^out) with that in- 
side the horizon (Tjjj^, X^^^). Here, the Kruskal coordinates 
(Tjjj^, Xjj-^) which are vahd inside the horizon, are written 
as 



K+(r.) 



in cosh(K_|-tjj^), 



^in = e 
X^^ = e''+'''*^in sinh(K+fij^). 



(24) 



In short, in the Kruskal coordinates defined by (|T9l) and 
(j24p . there is no spacetime singularity at the horizon, and 
the metric just outside and inside the horizon shares the 



... out- 

Now, following the definition (ITU|) . we find the relations 

connecting the null coordinates defined inside and outside 

the horizon 



^in (''*)in ~^ ''Out (^*)out *^ 

K+ 



""in ^ ^in + (^*)i 



out 



out- 



(26) 



Under this mapping, the right and left moving modes de- 
fined just inside and outside the horizon are connected 

by 



m out' 



m ■ -"out- (2'^) 
With this connection, the probability for the left moving 
mode to cross the horizon from inside is 



L |2 



^out 



1. 



(28) 



This shows that the left moving (ingoing) mode is trapped 
inside the black hole, as expected. On the other hand, the 
right moving mode tunnels through the horizon and its 
probability, to go outside the horizon, as measured by an 
external observer is 



= 1^/^ |2 



(29) 

Now, the total tunneling rate is given by = pLpR _ 
g-27r(a;-a;o)/K+ ^ which could also be found in the usual ap- 
proaches [UlillSllTllHllS] . Hence, under the Kruskal exten- 
sion ([TO)) and introduced by us, a perfect tunneling 
picture has been provided during the charged particle's 
tunneling across the horizon. As a result, the left mov- 
ing (ingoing) mode is expectedly trapped inside the black 
hole, and the right moving (outgoing) mode can quan- 
tum tunnel across horizon with the tunneling rate — 
g-2Tr(w-wo)/K+_ However, the Kruskal extension ([T]) intro- 
duced by Zhao etc. fails to provide such a suitable tun- 
neling picture for the charged particle's emission. In this 
picture, the ingoing mode is classically forbidden traveling 
towards the center of black hole, but can quantum tunnel 
across the horizon with the tunneling rate — ^-'^'^0/^.+ ^ 
And, the right moving mode is tunneling across the hori- 
zon with the probability F'^ = e-'^(2(^-'^o)/''+ . This ob- 
servation obviously violates the fact that the left moving 
(ingoing) mode is expected to trap inside the black hole, 
and its probability to go inside, as measured by an exter- 
nal observer, is to be unity. Also, the total tunneling rate 
F — F^F^ = e~27r<^/K+ jg problematic for describing the 
charged particle's tunneling. In the next section, with the 
aid of the Kruskal extension introduced by us, we develop 
the Banerjee-Majhi's treatment to the case of a charged 
black hole. More specifically, we will present the Hawking 
emission spectrum and entropy spectroscopy as tunnel- 
ing from the horizon of the (charged) Reissner-Nordstrom 
black hole. 
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3 Quantum tunneling and emission spectrum 4 Quantum tunneling and entropy quantum 



Under the Kruskal extension (fTO)) and introduced by 
us, the left and right moving mode defined inside and out- 
side the horizon are related by (P7)) . In this section, with 
the aid of the relation ^7} . we attempt to extend the 
Banerjee-Majhi's treatment to find the Hawking emission 
spectrum of the Reissner-Nordstrom black hole. In doing 
so, one should find the density matrix for the observer, as 
stated in [TU]. Before that, it is necessary to construct the 
physical state of the system, observed outside the horizon, 
for the n number of non-interacting virtual pairs that are 
created inside the horizon as 



(30) 



where is a normalization constant, which can be deter- 
mined by the normalization condition (tf'|!f') = 1. As a re- 
sult, for bosons A^bogon = (1 - e"2''(""'^")/'"+)^, whereas 
for fermions Nf^^.^^^^ = ^i^^-2^{u-u^o}/^^+yi^ tj^g 
lowing analysis, we only consider the boson case without 
loss of generality, since for fermions the analysis is identi- 
cal. For bosons, the density operator can be constructed 
as 



^boson l'^>boson('^lb 



oson 



-wo)/k4 



= (X _ g-27r(w-wo)/K+-| ' 

As mentioned in Sec. [H the left moving modes are all 
trapped inside the horizon. Now, tracing out all such left 
modes, we find the reduced density operator for the right 
moving modes, is given by 



^boson 



(1 



-2-k{uj—ujq) / K.-\- 



(32) 



Therefore, the average number of particles, which is de- 
tected by an observer living outside the horizon, is read 
off 



(")boson = t^'acc(nPboson) = ( 



1)" 



(33) 

This distribution for boson corresponds to a blackbody 
emission spectrum with a temperature T+ = ^ , which is 
consistent with the Hawking's observation. Also, we can 
turn to other methods to reproduce the same distribu- 
tion for boson, such as the generalized tortoise coordinate 
transformation (GTCT) etc. Hence, under the Kruskal ex- 
tension introduced by us, the Hawking emission spectrum 
of the Reissner-Nordstrom black hole can be well repro- 
duced in the Banerjee-Majhi's treatment. 



In this section, under the relation (j27p . we aim to produce 
the entropy spectrum as tunneling from the horizon of the 
Reissner-Nordstrom black hole in the Banerjee-Majhi's 
treatment. As mentioned in Sec. particle creates just 
inside the horizon, and the left moving mode is trapped 
inside the horizon while the right moving mode can tunnel 
across the horizon to be observed by an outside observer. 
Therefore, the average value of the energy E = uj — ujq can 
be found as 



{E) = 



f^($P)*E$PdE 
r('^fn)*<^fn^^ 

r^""('^^ut)*^^" 



'<P^ . dE 
^out"^ 



Jo e 



out^ 
^dE 



Jo 



e '^+dE 



(34) 



Here, to compute this expression it is important to recall 
that the observer is located outside the horizon. Hence 
it is essential to recast the "in" expressions into their 
corresponding "out" expressions using the relation ([27)) 
and then perform the integrations. Proceeding in a simi- 
lar manner, one can reproduce the average squared energy 
of the particle detected by the observer living outside the 
horizon, which is given by 



{E-) = 



ri^f^YE^^P dE 
Jo ^ m^ m 

(^my^RdE 

JO ^ m' m 



rod 

Jo 



''^±.dE 



rOO 

Jo ^ ■ ^="out 
J^E\~^dE 



{<pRj*e-^^<pR^^dE 



j^e--dE 



^ 2Ti 



(35) 



With the aid of (p4|) and ([35|) , one can find the uncertainty 
of the energy E detected by the observer living outside the 
horizon, is given by 



AE = v/(i?2) - {E)^ = T+. 



(36) 



In view of p6p . the uncertainty in the characteristic fre- 
quency of the tunneling mode is Af — AE = T+. On 
the other hand, the energy uncertainty can be treated as 
the lack of information in energy of the black hole during 
the particle emission. Also, in the information theory, the 
entropy acts as the lack of information. To connect these 
two quantities, we can use the first law of thermodynamic 
as AE ~ r+Z\S'gjj. According to the Bohr-Sommerfeld 
quantization rule, substituting this uncertainty into the 
first law of thermodynamic yields the entropy spectrum 
as 

S-\^ = n. (37) 
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Obviously, ^S"}^ = {n + 1) — n = 1, which shows that 
the entropy of the Reissner-Nordstrom black hole is quan- 
tized in units of the identity. It is of interest that this 
entropy spectrum is exactly identical with the result of 
Hod by considering the Heisenberg uncertainty principle 
and Scwinger-type charge emission process [TF,- Hence, 
under the suitable Kruskal extension (|T9)) and (|24t in- 
troduced by us, the entropy spectrum of the (charged) 
Reissner-Nordstrom black hole can well be reproduced in 
the Banerjee-Majhi's treatment. On the other hand, this 
entropy spectrum is consistent with that in [11, 13, 14, 15 
for black hole with no charge, which shows the entropy 
quantum is independent of the black hole parameters. This 
is a desiring result for the forthcoming quantum gravity 
theory. It should be noted that the entropy quantum in 
our analysis (combined with statistical physics, quantum 
mechanics and black hole physics) is on a semiclassical 
level, but it is a much better approximation since a self- 
consistent theory of quantum gravitation which give a def- 
inite answer to the entropy quantum is lacking. 



5 Conclusion and Discussion 

In this paper, we attempt to develop the Banerjee-Majhi's 
treatment to the case of the (charged) Reissner-Nordstrom 
black hole. First, we revisit the Kruskal extension intro- 
duced by Zhao etc. in T_ , and analyze its induced unphysi- 
cal phenomenon. With this in mind, a suitable Kruskal ex- 
tension for the charged black hole is then introduced by us 
to provide a perfect tunneling picture during the charged 
particle's emission. Finally, under the new Kruskal exten- ^ 
sion, we revisit the Hawking emission spectrum and en- 
tropy spectroscopy as tunneling from the Reissner-Nordstrom 
black hole. The result shows that the tunneling method is 
so universally robust that the Hawking blackbody emis- 
sion spectrum from a charged black hole can be well re- 
produced in the tunneling mechanism, and its induced en- 
tropy quantum is a much better approximation for the 
forthcoming quantum gravity theory. 

In our analysis, the entropy quantum is obtained from 
the combination of statistical physics, quantum mechanics 
and black hole physics. Hence, our result is on a semiclas- 
sical level, but it is a much better approximation since a 
self-consistent theory of quantum gravitation which give 
a definite answer to the entropy quantum is lacking. On 
the other hand, our analysis in this paper is applicable for 
a variety of a charged or rotating black hole since after a 
dimensional reduction technique near the horizon the ef- 
fective two-dimensional theory for a charged or rotating 
black hole is described in the same forms (For detailed in- 
formation, please refer to the Hawking radiation via gauge 
and gravitational anomalies) . In this sense, our analysis is 
universal. 
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